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1. Introduction 

Hyperkahler (HK) and quaternionic-Kahler (QK) manifolds appear in a variety of im- 
portant situations in field and string theories, yet their metrics are rarely known in 
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closed form. In this work, we provide a general formalism for describing linear pertur- 
bations of a class of HK manifolds A4 obtainable by the (generalized) Legendre trans- 
form method [p^, EB, p^, BOl. While our approach uses well-known twistorial techniques 



developed in the seminal work |^ , our explicit results offer a convenient parametriza- 
tion of deformations of HK metrics that should be useful in many physics applications 
involving instanton corrections to moduli space metrics. In the forthcoming work 
we shall extend our methods to describe linear perturbations of QK manifolds related 
to the above ones by the superconformal quotient construction |l^, and in [|] we 
shall use these results to determine the general form of D-instanton corrections to the 
hypermultiplet moduli space in type II string theory compactifications 

Before turning to geometry, it is worthwhile elaborating on physics motivations. 
HK (resp. QK) manifolds generally arise as the target space of rigidly (resp. locally) 
supersymmetric sigma models with eight supercharges 0, Examples of HK mani- 
folds include the classical moduli space of instantons [0], magnetic monopoles and 
Higgs bundles in four, three- and two-dimensional Yang- Mills theories respectively, 
the quantum moduli space of A/" = 4 gauge theories in three dimensions or K3 
surfaces that appear as part of the target space for type II (resp. heterotic) super- 
strings with 16 (resp. 8) supercharges. On the other hand, QK manifolds describe 
the hypermultiplet moduli spaces of type II superstrings compactified on a Calabi-Yau 
three-fold X [|13|, or heterotic strings compactified on K3 This sector of string 

theory, far less understood than its vector multiplet cousin (easily described by special 
Kahler geometry), is the prime motivation for the present work. 

In many cases, the geometry is well understood near asymptotic infinity, where 
the underlying physics admits a weakly coupled description. This is the case for the 
monopole moduli space at large monopole separations, where the metric asymptotes to 
a higher-dimensional version of negative-mass Taub-NUT space [^], and also for the 
moduli space of three-dimensional Af = 4 gauge theories, where the perturbative series 
truncates at one-loop - in fact, the two moduli spaces are conjecturally identical 



In type II string compactifications, the tree-level asymptotic hypermultiplet metric may 
be obtained from the metric on the vector multiplet moduli space (exactly computable 
via mirror symmetry) by the c-map construction |]T3|, The one- loop correction is 



determined by the Euler characteristic of X, and there are indications that there are no 
perturbative corrections beyond one loop [^. On the heterotic side, the hypermultiplet 
metric is in principle exactly computable in conformal field theory, but is usually known 
only in the weak curvature regime [|^. In all these cases, the asymptotic geometry is 
toric, i.e. possesses the required number of commuting isometries to be obtainable from 
the Legendre transform construction p6| . We return to the geometric significance 
of this class of metrics below. 
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Away from this weak coupling region, the metric is usually poorly understood, or in 
some cases known only implicitly. A notable exception is the moduli space of two SU{2) 
BPS monopoles, the Atiyah-Hitchin (AH) manifold, whose SU (2)-invariant metric may 
be expressed in terms of elliptic functions ||^, and obtained by the generalized Legendre 
transform construction from an 0{A) projective multiplet |3^. In the limit of 
large monopole separation, the C(4) multiplet degenerates into the square of an C(2) 



multiplet, and the AH manifold reduces to negative-mass Taub-NUT [gSf. At finite 



separation however, exponential corrections break all tri-holomorphic isometrics (see 
e.g. [^), although a tri-holomorphic higher rank Killing tensor does remain |jl2|, pO| . 
More generally, a description of the moduli space of k SU{2) monopoles using 0{2j) 
(1 < j < A; — 1) projective supermultiplets is known pSf, but only in a rather implicit 
form. Determining the leading exponential correction at long distance is one of the 
possible applications of the techniques developed in this paper. 

Physically, corrections to the asymptotic metric correspond to instanton contribu- 
tions in field or string theory. In quantum field theory, there is a well-defined procedure 
to compute these corrections in the one- or two-instanton approximation. Using these 
techniques, the conjectural equahty between the monopole and the 3D field theory 
moduli spaces was verified in a number of cases |22|, |19| . In string theory however, 
the rules of space-time instanton calculus have not been derived from a microscopic 
Lagrangian, although they may sometimes be inferred indirectly. 

For type HA string theory (or M-theory) compactified on a Calabi-Yau three-fold, 
the general form of instanton corrections to the hypermultiplet moduli space was first 
investigated in ||T0[. More recently, the S-duality of type IIB string theory was used 
to derive instanton corrections to the hypermultiplet moduli space in general type II 
compactifications on a Calabi-Yau X, for a subset of instanton configurations which 
preserve the toric isometrics namely D{—1), Fl and Dl instantons in type 

IIB, or Z}2-branes in an appropriate Lagrangian sublattice in H^{X, Z) (i.e. "wrapping 
A-cycles only" , for a suitable choice of symplectic basis of A and B-cycles) in type HA. 
Agreement with the analysis of ||35| in the conifold limit was demonstrated in 

On the other hand, it has remained an open problem to include the D3 and D5 
instantons in type IIB (or the D2-branes wrapping B-cycles in type HA), as well as 
NS5 instantons in either theory. As the Kahler classes of X (in type HA, the complex 
structure) are taken to infinity, these instanton effects are much smaller than the ones 
already taken into account. Thus, it is natural to treat them as linear perturbations 
away from the metric found in [^]. This was carried out for the "universal hypermul- 
tiplet" in |]l| using techniques germane to four-dimensional QK manifolds, and our aim 
here and in is to develop similar techniques valid in any dimension. 

As indicated above, the relevant 4(i-dimensional HK metrics in the weak coupling 
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region are obtainable by the generalized Legendre transform method. This construc- 
tion, first uncovered in the physics literature using projective superspace techniques ||31 



p^j , was interpreted mathematically in the language of twistors in [T^, |3^ . In 

particular, is was shown in that such metrics - which we refer to as 0{2n) HK 
spaces for brevity - are characterized by the existence of a local Hamiltonian action 
of a d-dimensional abelian 0{2 — 2n)-twisted group. They can be encoded in a set of 
holomorphic functions H^^^^{u^ , Q oi d + 1 variables on the twistor space Z oi Ai (one 
such function for each pair of patches (ij) needed to cover Z, subject to consistency 
conditions on the overlap of three patches, to local gauge transformations and reality 
conditions). The case n = 1 corresponds to "toric" HK manifolds with d commuting 
tri-holomorphic isometrics, obtainable by the standard Legendre transform construc- 
tion [^, based on 0(2) projective supermultiplets. Cases with n > 1 correspond to 
HK geometries (such as the Atiyah-Hitchin manifold) with a higher rank Killing tensor, 
obtainable by the generalized Legendre transform method based on 0{2n) projective 
supermultiplets . 

In this work, we provide a framework to describe general linear perturbations of Ad 
real- dimensional HK manifolds A4 obtainable by the generalized Legendre transform, 
with special emphasis on 0{2) manifolds. By studying the deformations of the holo- 
morphic symplectic structure on the twistor space, we show that deformations of M. 
preserving the HK property may be encoded in holomorphic functions H^l^^^{iy^ , fij, Q 
{I = 1 . . . d) of 2d + 1 variables. Such perturbations generically break all isometrics (or 
Killing tensors) of the unperturbed geometry. For 0{2) metrics, we provide explicit for- 
mulae ( |3.38| ), ( [4.12| ) for the complex coordinates of the perturbed metric, and we show 



that the deformation of the Kahler potential ( |4.27| ) in any complex structure can be 
written as a Penrose-type contour integral along the fibers of the projection ir : Z Ai 
(in particular, it is a zero-eigenmode of the Laplace-Beltrami operator, as required by 
the linearization of the Monge- Ampere equation). Deformations of 0{2n) metrics could 
be described by a straightforward generalization of our methods. In the process, we also 
clarify the significance and ambiguity of the contours arising in the Legendre transform 
construction of 0{2n) HK manifolds. We do not address possible obstructions at the 
non-linear level, nor whether these perturbations lead to geodesically complete metrics. 

The outline of this paper is as follows. In Section 2, we review the relation between 
the HK geometry of M. and the holomorphic symplectic geometry of its twistor space 
Z, and present a general construction of Z by patching together local Darboux com- 
plex coordinate systems, using complex symplectomorphisms as transition functions. 
In Section 2.4, we parenthetically argue that this provides a natural framework for the 



^We thank M. Rocek and U. Lindstrom for informing us of their upcoming work |p3[ 
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holomorphic quantization of with possible applications to topological string theory. 
In Section 3, we specialize this construction to the case of 0{2n) manifolds, and show 
how the standard generalized Legendre transform construction is recovered. In partic- 
ular, we obtain an important general formula ( |3.38| ) for the twistor lines in the 0{2) 
case. In Section 4, we study general linear perturbations of 0{2) manifolds. Finally, 
in Section 5 we illustrate our method on the Taub-NUT and Atiyah-Hitchin manifolds. 
In particular, we give a simple and elegant representation, Eq. (|5.55 ), of the leading 



exponential deviation of the AH manifold away from its Taub-NUT limit. In Appendix 
A, we show by a direct computation that the deformed geometry is still hyperkahler. 

2. General framework 

2.1 Twistorial construction of general hyperkahler manifolds 

We start with a brief review of the twistor approach to hyperkahler manifolds (see 
50, for more details). Let Ai he a. 4d real-dimensional hyperkahler space. Ai 



admits three integrable complex structures J* {i = 1,2,3) satisfying the quaternion 
algebra 

ji jj = ^ijkjk _ ^ij ^ ^2.1) 

where eijk is the totally antisymmetric tensor with ei23 = 1 and 6ij is the Kronecker 
delta symbol. The metric g{X, Y) is hermitian with respect to each of the three complex 
structures, and each of the Kahler forms 

u;\X, Y) = g{rX, Y) = -u;\Y, X) , (2.2) 

is closed. With respect to the complex structure J^, the two-forms = —^{uj^ — icu^) 
and uj^ = —\{uJ^ + iuj"^) are holomorphic and anti- holomorphic, respectively. More 
generally, any linear combination 

/(C.CHi^i'.^i^..f^/', (2.3, 

where C G C U oo = CP^ (and ( its complex conjugate) defines a complex structure on 
Ai compatible with the metric g. The corresponding Kahler form is 

^(C, = [(1 - CC)^' - + 2iC^-] , (2.4) 

while 

fi(C)=cu+-iCu;=^ + C'^- , (2.5) 
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is a (2,0) form with respect to the complex structure J{CX) lUl- The product Z = 
M. X CP^, equipped with the complex structure J(C, C) oii times the standard 
complex structure on CP^, is a holomorphic fiber bundle on Ai known as the twistor 
space of A^. It is a trivial fiber bundle topologically, but not holomorphically. We 
denote hj p : Z ^ CP^ the projection (m, () (, and by Tp = Ker(dp) the tangent 
bundle along the fibers of this projection. Fixing a point m on the base, the set 
{m} X CP^ is a holomorphic section of p, known as a twistor line. 

The parameter ( may be viewed as a local complex coordinate around the north 
pole = of the projective line CP^, and Q is regular around the north pole (in fact 
for all finite ()• To remind of this fact, we write C = C'°', ^(C) = ^^™(C™)- At the 
south pole ( = CO however, fi(C) has a second order pole. It is convenient to reabsorb 
this divergence by defining 

fi[~l(C'°°^) = n{C) =uo~ ~ iC}^^uo^ + (C'°°^)'cu+ , (2.6) 

where C'°°^ = l/C^"' 

is a local coordinate around the south pole. The new fi[°°l((^[°°]) 
is still a holomorphic two- form in J {(,(), but it is now regular around the south pole 
(^[°°] = 0. Note that the prefactor (^^^ in ( p.6| ) is the second power of the transition 
function /ooo = VC of the line bundle 0{1) over CP^ (see Section 2.2). Thus, Q^^^ and 
should be viewed as local trivializations of a global section n of the holomorphic 
vector bundle A^Tp{2) [|6|. 



While the procedure just described produces a holomorphic form ^7'°°] regular at 
the south pole, an a priori different procedure is to apply the antipodal map 

r: (m,C,C)^K-l/C,-l/C) , (2.7) 

followed by complex conjugation. The reality conditions uj^ = uj~, uj^ = guarantee 
that the two procedures are in fact equivalent. 



r(^]M) = n^°°^ . (2.8) 

This is summarized by saying that the real structure r is compatible with the holomor- 
phic section Q. 

Finally, it can be shown that the normal bundle of the twistor lines is isomorphic 
to C^"^ X 0(l).The parameter space of the real twistor lines is therefore a manifold of 
real dimension 4d, isomorphic to the hyperkahler manifold Ai. 

To summarize, any 4d real- dimensional hyperkahler manifold leads to a 2(i + 1 
dimensional complex manifold Z such that 

i) ^ is a holomorphic fiber bundle p : Z ^ CP^ over the projective line. 
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ii) the bundle admits a family of holomorphic sections each with normal bundle 
isomorphic to C^*^ ® 

iii) there exists a holomorphic section Q of A^T^(2) defining a symplectic form on 
each fiber, 

iv) Z has a real structure r compatible with i), ii), iii) and inducing the antipodal 
map on CP^. 

Conversely, it was shown in (Theorem 3.3) that given Z,p,T satisfying i), 
ii), iii), iv) above, the parameter space of real sections of p is a Ad real-dimensional 
manifold with a natural hyperkahler metric for which Z is the twistor space. Thus, 
the construction of hyperkahler metrics reduces to the construction of (9(2)-twisted 
holomorphic symplectic spaces. In the rest of this section, we give a general construction 
of twistor spaces by patching up local Darboux coordinate systems, generalizing the 
approach in p6|, pO| . 

2.2 Local sections of 0{m) on CP^ 

We first recall the construction of the 0{m) line bundles on CP^. Let Ui, i = 1 . . . N 
be a set of open disks with a local coordinate For each pair of patches, we choose 
an SU{2) transformation e^j which maps C'-'^ to C'*', 

C'"= "t^-it^ . KP + |/3,-r = l. (2.9) 

Moreover, we demand that these transformations compose properly, eijCjk = Cik- The 
quantity 

satisfies the cocycle condition 

hiC^^)UC^'^) = UC^^) > hiC^^)fAC^'^) = 1 , (2-11) 

and defines the transition function of the 0{1) line bundle on CP^. By definition, 
holomorphic sections of the line bundle 0{m) are defined by a set of holomorphic 
functions ^^'^(C^*]) on each patch Wj, such that, on the overlap of two patches Ui DUj, 

5H(^H) = jrn,b1(^y]). (2.12) 

Equivalently, the differential form sW((^W)(d(^W)~'^/^ is globally well defined. In par- 
ticular, 0{—2) corresponds to the bundle of holomorphic one-forms, i.e. the canonical 
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bundle. It is easy to see that non-zero holomorphic global sections of 0{m) only exist 
for m > 0, and that in each patch, their Taylor expansion around C'*' = terminates at 
order m. In fact, the Taylor coefficients of a global section of 0(171) form an irreducible 
representation of SU{2) of dimension m + 1 (see, e.g., |^ and 0). 

Rather than using the local coordinate systems C'"*^ on each of the patches Uj, it 
will be useful to single out a coordinate ^ = on a particular patch Uq referred to as 
the "north pole" , and extend it to cover the whole Riemann sphere. In this coordinate, 
the patch Uj is an open disk centered at Q = /3oj/aoj (corresponding to i = 0, C'-'^ = 
in (|2.9|) ) and the transition function is 

foj=Poj{C + l/Q) ■ (2.13) 

Note that for a given choice of (j, the SU{2) transformations e^j (and therefore the 
transition functions /oj) are not uniquely determined: different choices correspond to 
different local trivializations of 0{1). We shall abuse notation and denote by s'-'^(C) the 
local sections s^^^{C^^) refering to the coordinate C'-^' implicitly. These local sections are 
defined in an open neighborhood of (j, and may be extended analytically to the whole 
Riemann sphere, provided no branch cuts are encountered. 

Finally, for the purposes of defining the real structure, we shall assume that the 
antipodal map takes each open disk Ui with local coordinate C'*' to an open disk 
with local coordinate C^*] = l/^W (namely, ai^ = 0,Pii = i). In the plane parameterized 
by (, the patch is centered at = —1/0 = —C(oi/Poi- The patch Uq = Uoo will 
be referred to as the "south pole", and is related to the north pole by the transition 
function /qoo = C- Moreover, it is easy to check that the square of the 0{1) transition 
functions satisfy the reality condition 

<W) = fh- (2-14) 

The transition functions themselves have an inherent sign ambiguity, since the 0{1) 
bundle does not admit any real structure. 

2.3 Local Darboux coordinates and transition functions 

We now give a general construction of twistor spaces, by gluing together patches where 
the holomorphic section f2 is locally trivial. Indeed, by a trivial generalization of 
the Darboux theorem, it is possible to choose local complex coordinates (z/^j, /i^', C'*^) 
[I = 1 . . .d) on Z such that the holomorphic section Vl is given locally by 

= d/ifl A di/J] . (2.15) 

We assume that this relation is valid in a neighborhood Ui of which projects to 
the open disk Ui around the point Q on CP^. In analogy to standard Hamiltonian 
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mechanics, we refer to z/^j and /i^^ as the "position" and "momentum" coordinates, 
respectively. Since f2 is a section of A^T|.(2), on the overlap Ui fl Uj^ we must require 

= j2 ^[i] jnod dC''^ . (2.16) 

Thus, and (i/j^j, /i^') must be related by a (^-dependent) symplectomorphism. 

A convenient representation of such symplectomorphisms, commonly used in Hamil- 
tonian mechanics, is via generating functions S't*-'^ of the initial "position" and final 
"momentum" coordinates, whose derivatives yield the final "position" and initial "mo- 
mentum":^ 

<\ = d^,S^'Hi^[^,f^^^\ , rf' = fi 9,. 5[^^-l(z.[,], /il^-l, (1^1) . (2.17) 

To see that (|2.17| ) preserves the twisted holomorphic symplectic form, note that the 
differential of S't*-'' is equal to the difference of the Liouville one-forms, up to a locally 
exact one-form, 

d^[^^] = z/J.jd^?] + f-^'fifdu(^ mod dC'^1 . (2.18) 

Applying an exterior derivative on either sides then proves (|2.16|) . In general, solving 
for (i^[i],/i/') in terms of (z/j^j, /i^') may lead to ambiguities, but we assume that a 
prescription is given to lift this degeneracy. 

A special solution of (|2.16|) is to assume that z/j^j and /i^^ separately transform as 
sections of 0{2n) and 0{2 — 2n), such that their product transforms as a section of 
0(2): 

corresponding to the generating function 



- Jij > - hi f^i ) [z.i'd) 



5[^^'k^W,/^t^'Ut^l) = /--'V[i]/.?^ (2.20) 

We shall assume that the generating function (|2.20|) controls the "microscopic" struc- 
ture of the twistor space: in other words, given an open covering by patches Ui with 
non-trivial symplectomorphisms S^^^\ we assume that any refinement of the covering 
to include a new patch Uj C Ui is controlled by the trivial gluing function ( p.20| ). 

Of course, the transition functions S't*-'' are subject to consistency conditions: in 
particular S^^^ should be the generating function of the inverse of the symplectomor- 
phism generated by S^^^\ determined by the Legendre transform of S''*-'^: 

^'^■^k^b-h/i'^C'^'^) = Uf^f + - fiS^^^\u^^,f,^^C^^)) . (2.21) 



^Thc affectation of ffj to tlic momentum coordinate fij is purely conventional at this stage. 
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Here, {■)x denotes the result of extremising with respect to the variable x. When several 
extrema exist, we assume again that an additional prescription is provided. Moreover, 
the composition of the symplectomorphisms generated by S't*'^' and S^''^^ should be the 
symplectomorphism generated by S^^^\ 

(2.22) 

Finally, the Darboux form ( |2.15| ) of the section Q on the patch Ui does not fix the 
coordinates (z/^jj, /^W) uniquely: it is still possible to perform a local symplectomorphism 
(z/[j],/iW) — > generated by a holomorphic function TW(i/[j], /iW, ^W), regular in 

the patch U^, 

z>J] = 9-wTH(z.[,],/i[^C'^l) , f^f = 5.j^TW(z.[,],/iH,Ct^^) • (2.23) 

Therefore, the set of transition functions S^'^^^ defines the same holomorphic symplectic 
space as 

4^-l(z.[,],;.[^1,C[^l) = {U/ (TH(z.[„],/iH,C"l) - i>(f^f) + S[^^-](%],/iW,C[^l) 

-i>(f^f+flH-m,f^^^C'^^))^ (2.24) 



where T'*' is the generating function of the inverse of the symplectomorphism ( p. 23 
given by a formula similar to ( p.21| ): 



T[^l(%],/i[^C'^l) = (4/^? + -^"'(^H'/^'^C'^l)) • (2.25) 

To summarize, a holomorphic symplectic manifold Z covered by N patches Ui is 
uniquely specified by a set of — 1 holomorphic functions S"'"*! of 2c/ + 1 variables 
u^jHiX, subject to the equivalence relation S^^^^ ~ S'^"'^ in (|2.24| ). The rest of the 



transition functions is determined by the composition and inversion rules (|2.22| ) and 
(|2.21|) . With this data in hand, one may in principle solve ( |2.17|) for all pairs of 
overlapping patches, under the assumption that and /i^^ are regular at = g, and 

determine all z/^j and /i^^ in each patch as functions of ( and an a priori unspecified 
number d' of complex parameters. 

While it is useful to discuss the complex and real structures separately, it should 
be noted at this point that the gauge freedom (|2.24| ) may be used to bring the real 
structure in a standard form, 



^K])=-4' rW')=-/^?- (2-26) 
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Here we have assumed that n is integer; cases with half-integer n can be treated sim- 
ilarly, by imposing (in physics parlance, symplectic Majorana) reality conditions on 
pairs of 0{2n) multiplets. The reality conditions (p.26| ) require that the transition 
functions S'^'-'l satisfy 



r 



(5M(z/[,],/ib1,CH)) = 5[^^"l(z/M,/xM,CM) . (2.27) 



In the particular case j = i, taking into account that S't**' is related to S''"' by (p.21|) , we 



see that the reality condition connects the antipodal map of this transition function with 
its Legendre transform. Taking into account these reality conditions, the d' complex 
parameters of the twistor lines mentioned above thus become d' real parameters. The 
assumption ii) of the Theorem implies that d' = Ad, and that the parameter space is 
in fact the base A4 itself. The functions z^[^](C) and /i/'(C) provide a parametrization of 
the "twistor lines", i.e. of the fiber over a point m in as a rational curve in Z. 

Having determined the Darboux coordinates {u^^, ^j^f) as functions of C, and of the 
4(i parameters, it is now straightforward to compute the metric: complex coordinates on 
M. in the complex structure 7(0, 0) are given by evaluating the twistor lines [u^^^, ji^f) 
at C'*' = (or equivalently C = 0), 



V 



m=4i(0), wf=^^f{Q. (2.28) 



while the Kahler form uj^d^Ci) = cj^W is given by Taylor expanding the holomorphic 
section f^W around C'*' = 0: 

r]W((H) = dwf A dv(i] - icu^^l'lC^'' + dwf A dt;f,](C['l)' . (2.29) 

Knowing the complex coordinates and the Kahler form, it is then straightforward to 
obtain the metric. A Kahler potential i^'[*l(f[j], ^[j], w^, w^) may be computed by inte- 
grating the hyperkahler form cu^W. It will in general depend on the patch i; a notable 
exception is the case of hyperkahler cones, discussed in , where it is possible to find a 
single "hyperkahler potential" x which can serve as a Kahler potential for all complex 
structures at once. 

The prescription given just above only applies to the complex structures corre- 
sponding to the marked point Q in the patch Wj. The complex structure at a point Q 
lying in the patch Ui, but distinct from all (k, k = 1 . . . N may be described by refining 
the open covering and adding a new patch Uj centered at (j, as indicated below ( |2.20D . 



2.4 A remark on holomorphic quantization 

As we have indicated repeatedly, the construction of the twistor space Z via a set of 
symplectomorphisms relating local Darboux coordinate systems has strong similarities 
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to classical Hamiltonian mechanics, albeit in a holomorphic setting. It is tempting to 
ask whether this classical construction can be quantized. The following construction 
naturally suggests itself: to any patch Wj, associate a Hilbert space of holomorphic 
functions \E'W(z/^j, C'*])- the overlap Ui nUj, require that 

(2.30) 

where m is an undetermined parameter, and h is Planck's constant. Note that for a 
trivial transition function ( |2.2CI| ), the integral over fi^f imposes the first equation in 
( |2.19| ) as a delta function, leading to 

^t^k^H,Ct^^) ~ • (2-31) 

Thus \I/ is valued in 0{m) within each patch, but may transform non-trivially from one 
patch to another. The right hand side of (|2.30|) is the standard semi-classical form of the 
intertwiner between wave functions in polarizations related by a symplectomorphism 
generated by 5", and is only expected to be correct in the limit h ^ 0. For finite values 
of h, it should be corrected in order for the intertwiners from Ui to Uj and from Uj to 
Uk to compose properly. Assuming that this quantum ambiguity can be fixed, (p.30|) 



defines a global Hilbert space Tik which can be viewed as the holomorphic quantization 
of the space Z. When A4 is the Swann bundle [|3, l7| of the hypermultiplet moduli 
space, it is tempting to think that Tim, for a suitable value of m, is the habitat of the 
generalized topological amplitude postulated in [^. 

3. Twistor spaces of 0{2n) hyperkahler manifolds 

We now restrict to the case of HK manifolds obtainable by the generalized Legendre 
transform method |26| , |32[| . As shown in [Q, these manifolds are characterized by the 



fact that they admit a local Hamiltonian action of a d- dimensional abelian twistor group 
(i.e., a Lie group whose parameters are sections of 0{2 — 2n)), or equivalently, by the 
existence of a covariantly-constant, tri-holomorphic higher-rank tensor. For n = 1, this 
reduces to the standard Legendre transform construction [^] of 4(i-dimensional HK 



manifolds with d commuting tri-holomorphic isometrics. The twistorial interpretation 
of these constructions was explained in in a set-up where the twistor space 

is covered by two patches only, projecting to the north and south pole of CP^. In 
this section, we extend their analysis to the case of an arbitrary number of patches Ui. 
This extension is needed in order to determine the solutions for the twistor lines (in 
particular the fii{C)) defined on the entire twistor space Z. 
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3.1 Symplectomorphisms compatible with the group action 

As explained in [1^, the existence of a Hamiltonian action of a rf-dimensional abelian 
twistor group implies that there exist d global sections of C(2n), corresponding to the 
moment map^ of these actions. Since these actions commute, we may use them as 
"position" coordinates . The fact that they are globally well-defined means that, on 
Ui nUj, 

= f^'H ■ (3-1) 

In order for ( |2.16| ) to hold, the conjugate coordinates must transform as 



(3.2) 



where H^^^^ may be a function of C^^^ and the positions z/^j, but cannot depend on the 

momenta fi^f. This symplectomorphism is of the form ( |2.17| ) for a special choice of 
generating function 



(3.3) 



Note that the case H^'^^^ = reduces to the transformation rules (|2.19 ). The compati- 
bility constraints ( |2.21| ) and (|2.22| ) require that 



(3.4) 



and 



(3.5) 



As explained above (|2.13|) , it is convenient to single out the patch i = 0, and use 
the complex coordinate = (^'^l as a global coordinate on Z, allowing for poles in the 
C plane (branch cuts will be discussed in Section |3]^). Moreover, since u is globally 
well-defined, we may trade the argument uii] in if'*-'] for 



(3.6) 



and define 



(3.7) 



•^Recall that if y is a Hamiltonian vector field, Cy^ — [div + ivd)Q, = so iv^ — d/iy, where //y 
is the moment map of V , defined up to an additive constant. If V is twisted by 0(2 — 2n) and by 
0(2), then //y is twisted by 0{2n). 
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In ( |3.6|) and ( p.7|) , the factors of C " are conventional, and are inserted to facilitate 
comparison with earlier studies. In terms of if''-'], the relation ( p.2|) becomes 

/i? = - (''^or' d^^H^^^r^, C) . (3.8) 



Thanks to the redefinition ( |3.7| ), the consistency conditions ( |2.22| ) take the simple form 



where all functions depend on the same variables rj^ and (. Similarly, the gauge freedom 
(12:21) with 

T[^l(n.],/it^Ct^^) = 4\~^f - CfofG^HvX) , (3.10) 

allows to shift 

^ H^ij] + Q[i] _ G^^^ , fxf ^ fxf + C'""/or"' 5„^G['l . (3.11) 

It is important that C^~"/of~^ S^/G^ be a regular function of ( in the patch Ui. Thus, 
the set of if'*-'! should be viewed as a class in the Cech cohomology group H^{Z) valued 
in the set of /i-independent holomorphic functions. We shall often abuse notation and 
define H^^^^ away from the overlap Ui fl Uj (in particular when the two patches do not 
intersect) using analytic continuation and the second equation in (|3.9|) to interpolate 
from Ui to Uj. Ambiguities in the choice of path can be dealt with on a case by case 
basis. 

As in ( p.27| ), reality conditions restrict the possible functions if'*-']. The conditions 
( |2.26| ) on translate into 



^(^') = (-irV i-e. e. = (-ir'-V'- (3.12) 
Then, the reality conditions on /x/ require that 



r(iiM) = -ifl'^l . (3.13) 

In particular, the transition function relating a patch with its antipodal map must be 
invariant, r(ii[*''l) = H^^^\ These conditions ensure that the metric and Kahler potential 
obtained in the following subsections are real. 

3.2 Kahler potential and twistor lines for 0{2n) manifolds, n>2 

We now proceed to find the twistor lines, i.e. find the most general functions rj\Q and 
/i^*'(C) satisfying (|3.8|) , subject to the requirement that the expansion of rj^ in (|3.6|) has 
only 2n + 1 terms, while each jjL^f is regular aX C, = Q. According to the Theorem in |2.1| 
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and for suitably generic choices of functions H^^^^ obeying hypothesis ii), the parameter 
space of these twistor hues will be a Ad dimensional hyperkahler manifold with an 
action of a ci-dimensional twistor group. Clearly, the case n = 1 is quite different from 
n > 2: in the latter case, the number of coefficients rjl in ( |3.6| ) is greater than 4d and 
solutions to ( |3.8| ) are expected to exist only when {2n — 3)d constraints are imposed 
on ril. In contrast, for n = 1 the 3d coefficients rjl are expected to be unconstrained, 
and supplemented by d additional parameters coming from the sections /i^^: indeed, 
for n = 1 Eq. ( p.8|) is manifestly invariant under global shifts /^/^(C) /^/'(C) + 
corresponding to the d tri-holomorphic isometries. In this subsection, we shall restrict 
our attention to the case n > 2, postponing the case n = 1 to Subsection 3.3. 

Let us consider the Taylor expansion of /^/^'(C) around the north pole. The k-th 
coefficient can be obtained from the contour integral 

.a-^£^.r'(c). (3.14) 

where Cq is a contour around inside Uq, oriented counterclockwise. The contour Co 
may be deformed into a sum of contours inside each Uj. Using ( p.8|) with i = in each 
patch, we obtain 

,[0] ^ — 



ffi = E ^ 7^ W'yf - C'-" C)J ■ (3-15) 



Recall from ( |2.13| ) that foj has a zero at C = ~^/Cj ^ Pole at ( = oo. Therefore, 
for j oo, the first term inside the bracket is regular inside the contour Cj and can be 
omitted. For j = oo, since /ooo = C; the first term picks the (2 — 2n — k)-th coefficient 
in the Taylor expansion of around infinity. Thus, we get 



+ iE£^^.^^'°^'(^'0, (3.16) 



f^I,k ~ f^I,2n-2-k 

where the sum over j was trivially extended to include 0. This equation holds for all 
values of k. However, vanishes if < 0, and I^Y2n-2-k vanishes if > 2 — 2n. We 
conclude that, for |£| <n — 2, 

while, for > 0, 

(3.18) 
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The sections /ij and fij may be obtained in terms of the coefficients of rj by resumming 
the series, 



(3.20) 



where the ffist (resp. second) equation holds at the north (resp. south) pole. 

On the other hand, the conditions ( |3.17| ) give (2n — 3)(i constraints on the {2n + 
l)d coefficients of the 77^, leaving generally a 4(i-dimensional set of solutions. These 



constraints are best described by introducing the "Lagrangian" g2 



Note that due to the consistency conditions ( |3.9D , the index on the right-hand 
side of this expression may be substituted with any other value without changing the 
result (however, (|3.21|) is adapted to the complex structure at ^ = 0, and to that 
complex structure only). In terms of £, the constraints ( |3.17|) become 

(9^/^£ = 0, \k\<n-2, (3.22) 

and in principle allow to eliminate the coefficients 77^^, \k\ < n — 2. The remaining 
coefficients 

= , = vi-n , = -vi , = vi-1 , (3-23) 

parametrize the twistor lines. The compatibility with the real structure requires that 
and be complex conjugate to . 
Expanding the holomorphic section Q around ( = 0, one easily finds that the 
holomorphic symplectic form is given by 

UJ+ = dwi A dv^ , (3.24) 

where 

wi = , wi = -/i^ . (3.25) 

Thus, {v^,Wi) form a system of holomorphic Darboux coordinates for the complex 
structure J^. The parameters x^,x^ may be eliminated in favor of {v^,wi) using Eq. 
(|3.18|) for A; = 0, which amounts to 

d^iC = wi. (3.26) 
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To next order in (, using 



one finds that the Kahler form descends from a Kahler potential 

K{v^ , , wi, wi) = {C (v^ , v^, , , r]{) — x^wj — x^wi)^i^^i^^i^ . (3.28) 

The conditions ( p.22| ) and ( |3.26| ) imply that the right-hand side of ( |3.28| ) is extremized 
with respect to denoted by the brackets. Thus, the Kahler potential is the 

Legendre transform of the Lagrangian ( |3.21| ) (at vanishing momentum conjugate to r]k)- 
The reality conditions ( |3.13| ) guarantee that K is real. The complex coordinates and 
Kahler potential for other choices of complex structure may be obtained by following 
the same chain of reasoning, but singling out a different "north pole" . 

3.3 Kahler potential and twistor lines for 0{2) manifolds 

We now turn to the case n = 1, corresponding to toric HK manifolds with d commuting 
triholomorphic isometrics. As indicated previously, the 0{2) global sections rj^ are 
unconstrained; we denote their Laurent coefficients at C = as 

v\0 = j + x'-v'C. (3.29) 



This is the N = 2 tensor multiplet in projective superspace, as introduced in On 
the other hand, local sections fif should satisfy ( |3.8D , 

/.f]=/i?l-9,./7[^^l(r^,C). (3.30) 

These equations are expected to uniquely determine all the jJ-j^'s (at least locally), up 
to global shifts /i^' — > /i^*' + qj. Indeed, ( p.30|) can be solved following the same steps 
as in the previous subsection. Setting n = 1 in (|3.16|) , Eq. ( |3.18|) continues to hold for 
k > 0. For k = however, only the difference /if q — is determined. 



J 

Together with v^,x^,v^, the real combinations 



^., = -i(/.[V/^S), (3.32) 
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provide the Ad coordinates parametrizing the solution space of (|3.30|) . Defining as 
before wj = fif^^wi = —jJ^^^, we see that wj + wj is the parameter conjugate to 
with respect to the Lagrangian ( p.21|) , 



(3.33) 



As before, [v^ , wj) provide a system of holomorphic Darboux coordinates on Ai in 
the complex structure J^. The holomorphic symplectic form is still given by ( p.24| ), 
while the Legendre transform of the Lagrangian C produces a Kahler potential for a 
hyperkahler metric in this complex structure, 



K{v, V, w, w) = {C{v^ , , x^) — x\wi + Wi))xi 



(3.34) 



The independence of the Kahler potential on iqi = — w^ makes it manifest that the 
metric has d commuting Killing vectors d^j, which furthermore are tri- holomorphic. 
The metric on Ai may be computed without knowing explicit function of 

(f ^, vj, wj + wi). It is given by 



jy- r rx^x^ jy- 



fx^ x^ r 



K - — —C^ 



(3.35) 



where C^i = d^iC, C^i = d^iC, and £^ ^ denotes the inverse of the matrix C^i^j. 
The local sections /if' can be computed by resumming the series ( p.l8| ), leading to 



ny = wi + 



d 



dc'Ci/[°^i(C') 



, -c,2vri C'-C 



(3.36) 



when C lies inside the north pole patch Wq, or 



[oo] 

ll\ = -Wl 



d 



dv 



c.27ciC C'-C 



(3.37) 



when C lies in the south pole patch Woo- Inserting wi = {C^i + igi)/2 in ( p.36| ), or 
wj = {C3.1 — iQi)/2 in ( |3.37D , leads to a single expression 



dC C + C 



c;, 27riC' 2(C'-C) 



a,.if[°^](C'), 



(3.38) 



valid both for i = 0,C G and i = oo,C G Uoo- In fact, it is easy to check that 
(|3.38|) evaluated for ( gives the general solution to the matching conditions ( p.30|) . 
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Equation (|3.38|) is the main new result of this section. It should be noted that the index 
on the right hand side may be substituted with any other value without changing 
the result, due to the consistency conditions (|3^). Eqs. (|3.29| ) and (|3.38| ) provide an 
explicit parametrization of the twistor lines over any point on Ai as rational curves in 



3.4 Logarithmic branch cuts 

Up till now we assumed that the local coordinates i^[i\{C) and /i'*'(C) could be analytically 
extended as meromorphic functions on CP^. In many cases of interest however, it 
is important to relax this assumption and allow for branch cuts. In this subsection 
we extend the previous construction to the case where the transition function iJ'*-'] 
contains a singular term d'^^Hogr], where r] is one of the 0{2) multiplets r]^ and c^*-'' 
are regular functions of these multiplets. Correspondingly, one expects a singularity in 
the associated local momentum coordinates /z'*'. An example of this situation is the 
"improved tensor multiplet" representation of flat M^, discussed in Section |3.5.2| below. 



and the one-loop corrected hypermultiplet moduli space, to be discussed in [|]. 

The presence of the logarithmic branch cut gives rise to a Riemann surface which 
is an infinite cover of CP^. Let us label each sheet by an integer, and single out one 
particular sheet, say with the label n. As before, this sheet can be covered by a set of 
patches Ui, with local Darboux coordinates i^^p/X/' satisfying ( |3.30| ) on the overlap of 
two patches. In addition, we must make a choice of branch for log//. At this point, it is 
important to recall that logarithmic branch cuts are oriented: depending whether the 
angle between the branch cut and the path is positive or negative, one passes from the 
n-th sheet to the n + 1-th or n — 1-th sheet. We choose the branch cuts for the singular 
term in if'*-^' to extend from C+ to the origin and from C_ to infinity, where C± are the 
two zeros of r] (of course one can flip C+ and C-)- 

In this situation, the procedure to solve the equations for /i^ presented in Section 

pl2| continues to hold, with due attention paid to the cuts. Since /i^^l is regular at 

C = 0, its Taylor coefficients are still given by ( p.l4| ). The integral over Cq can again 

be rewritten as a sum of integrals around contours surrounding all Ui. Now, however, 

contours can encounter cuts of /i'^' and therefore may not be individually closed. For 

(|3.15| ) to hold, we require that the end point of one contour lies on the branch cut, 

and coincides with the starting point of another contour, in such a way that the sum 

reproduces a closed contour (see Fig. [|). Using (|3.15|) , one may substitute fi^^^ in the 
patch Wj- by ^[^l-^^i/ioj] 

as in ( |3.30|) ; the first term is regular inside Uj, so reproduces the 



first term in (|3.16|) . The second term can be rewritten as the integral of a holomorphic 
function on a closed contour, due to additional conditions on the transition functions. 
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Figure 1: Structure of branch cuts in case (i), c''^"' = c''^"^'. The soUd (black) hne represents 
the branch cut in /ut''l((^), the semi-dotted (red) hne is the branch cut in H^^^\ and the dotted 
(blue) line is the contour C along which /if'^'(C) is integrated. 

Indeed, let us analyze the possible structure of singularities in /i^ and its implica- 
tions for the coefficients c'^-'l The first possibility is that /x^^^ does not have logarithmic 
singularities. Then they can appear only in the transition functions H^'^^^ for j ^ ±, oo. 
In this case however, the corresponding contours Cj do not cross the branch cuts and 
therefore can be closed. The second possibility is that /i'^^ does contain branch cut sin- 
gularities which, under our assumptions, must lie at C = C± infinity. Since singular- 
ities must appear in pairs, the discussion can be reduced to only two cases: (i) /i'^^ has 
a singular term of the form log(C — C-); corresponding to a branch cut from to oo, or 
(ii) yu'^] has a singular term of the form log , corresponding to a branch cut from C_ 
to C+. Since the addition of the transition function must remove the singularity 

at Cj to produce a multiplet regular in Uj, and since log r] ~ log(l — (+/()+ log(C — C-); 
one concludes that in case (i) one must have 0'°°°' = c^^^\ whereas in the second case 
one must have c'^^' = — c'^^'.^ 

Let us consider these two possibilities in some more detail. The first situation is 
shown on Fig. |1|. The branch cut in H^'^^^ can be chosen to run from to 00 and C+ 
to 0. Since we integrate the same function, the two open contours (12) and (34) can 
be joined into a single closed contour which encircles the cut from to 00. 

In the second case, the contour along which /i'°'(C) is integrated initially runs around 
the cut from C_ to C+- Along the contour (12) (resp. (34)), one may replace /i'°^(C) by 
;U W — [nleg^ + c^^~^^ log 77) (resp. — (-f^rcg ^ + c^°^^ log r]) ) . The branch cut in log rj 
can be chosen to extend from to and from to 00. The contributions from the 
terms /i^^' drop by the regularity assumption, and the relative negative sign between 



Actually, these two cases are related by a gauge transformation ( 3.11 ). See the example of the 
improved tensor multiplet in Section [3.5.2 . 



1/0 



1 • * 4 



2 9 • 3 



c.. 



4 

Figure 2: Structure of branch cuts in case (ii), c^^~^^ = —c^^^\ The sohd hne represents the 
branch cut in and the semi-dotted hne is the branch cut in H^^^^. On the left, the 

dotted line is the contour along which /^''^^(C) is integrated. On the right, the dotted line is 
the contour along which the singular part c^^^^ log r/ of H^^^^ is integrated. The part of the 
contour between 2 and 4 lies on the n + 1-th Riemann sheet of the logarithm. 

d^'^^ and can be eliminated by reversing the contour (34). In the limit where all 
points 1,2,3,4 coincide, which also implies that the two branch cuts touch each other, 
it is possible to reconnect the contours (12) and (43) into a single "figure-eight" closed 
contour, recovering the prescription in [^. The cuts can then be separated as shown 
in Fig. ^, in such a way that the part of the contour which extends from 2 to 4 crosses 
into the n + 1-th Riemann sheet of the logarithm. 

The upshot of this discussion is that in cases with logarithmic branch cuts, the 
same formulae (|3.33| ), ( p. 381) as in the meromorphic case apply, with the proviso that the 
integration contours do not just encircle the patches, but encircle or trace a figure-eight 
contour around the logarithmic branch cuts, depending on the signs of the logarithmic 
terms d^^^ log// in the transition functions if'*-'!. 

3.5 Example: 

We now illustrate the general formalism developed in this section in the simplest case 
of flat four- dimensional Euclidean space M^. We present two equivalent descriptions, 
each with its own virtues. 

3.5.1 Free tensor multiplet 

The simplest description of the twistor space of involves a single 0{2) multiplet and 
two patches around C = and ^ = oo, with transition function 



(3.39) 



This is referred to as the "free tensor multiplet" in the physics literature. In order to 
facilitate the comparison with later subsections, we deviate from the notation in (p.29|) 
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and set 

il = z/C + y-zC. (3.40) 
The tensor Lagrangian ( p.33|) evaluates to 

C{y,z,z) = -\y^ + z-z. (3.41) 

Performing the Legendre transform with respect to y gives a Kahler potential 

K = ]^{w + wf + zz , w + w = -y (3.42) 



for the flat metric ds = dzdz + dwdw in the complex structure J . Evaluating (p.36|) 
and (|3.37|) , we obtain 

/^[oi = w + , = -w + z/C (3.43) 

consistently with the requirements 



^[oo] _ ^[0] ^ 5^^[0oo] ^ ^[oo] ^ _^(^[0]) . (3.44) 

Moreover, the holomorphic section Q reproduces the correct Kahler forms 

n = Cd/it°] Adr] = dw Adz + ({dz Adz + dw A dw) + ('^ dw A dz . (3.45) 

Observe that 1(1] is the 0{2) valued moment map for the tri-holomorphic isometry 
V = i{dyj — dw), in the sense that CyVL = d{i(ri). 

We now relate this to the standard construction of the twistor space of M^, in 
p4| . First, observe that despite their linear form, /i^ and do not patch to- 
gether into a sing le 0{1) global section. Rather, the doublet (/if, /iS°°^) = (/i[°], //["VC), 
(/i2°^, /i2°°') = {Cjj.^°°\ /i[°°l) define two different global sections of C(l), related by a sym- 

plectic (Majorana) reality condition fj}^ = e^Br(/i^'). Note that Eqs. (p.43|) may be 
rewritten as 



(3.46) 



Defining the doublet vrf^J = (C,l),7r[^] = (1,1/C), and xaa' = (_^,"), Eq. (CT) 
becomes 

fJ'A = ^AA'TT^] , i = 0, 00 . (3.47) 

This reproduces the standard relation between points in and lines in CP^, or two- 
planes in C^, coordinatized by {^a, tt"^'). Unlike the construction in the next subsection, 
it should be noted that the Kahler potential (|3.42| ) is not invariant under the SU (2) 
action by right multiplication on the matrix xaa'- 
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3.5.2 Improved tensor multiplet 

We now describe an equivalent construction of the twistor space of M^, known as the 
"improved tensor multiplet" in the physics literature []TB|, which makes the super- 
conformal symmetry manifest (see for a discussion of superconformal properties). 

Let us introduce four different patches Uq, U±, Uoo and the following transition 
functions 

i^M = -ir/'log V , = ^VlogV , = , (3.48) 

where r/XC) = v / C, + x — vC, a. global section of 0{2) (denoted by a prime to avoid 
confusion with the previous construction). This set of transition functions falls into 
case (ii) considered in Subsection pl4[ The Lagrangian for this system is given by the 
contour integral representation 



where C is the "figure-eight" contour, encircling the roots C+ and of r/', 

C± = ^, C+C^=-i, C+C- = -v/v, (3.50) 
counterclockwise and clockwise, respectively, and the radial variable r is defined as 

= + Avv . (3.51) 

The contour integral (|3.49| ) leads to 

C{x, v,v) = r — X log — — - . (3.52) 

2 

Note that C is invariant under phase rotations v e^^v, and is homogeneous of degree 
one in x, v, v. Dualizing x into u + u = d^C, we find 

K = 2\v\ cosh(-u + u) , X = —2\v\ sinh('u + u) . (3.53) 

Changing variables to 

1 w 

u = - log — , V = zw , (3.54) 
leads to the flat space Kahler potential 

K = zz + WW . (3.55) 
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Moreover, 

r( = zw/( + {zz — ww) — zw( , (3.56) 

is identified (up to a factor i() as tlie (9(2)-valued moment map associated to tlie 
rotation V = i{wdyj — zdz — wdu, + zd^). 

Tfie twistor line fi'^^^ may be computed from ( |3.36|) using the same contour C, 
leading to 



2 2 2\v\ 2 1 — C/C- 2 2; — 

The real structure maps /i't^^ to itself, in agreement with the fact that H^'^°°^ = 0. 
While is regular around C = (as it should), it has a logarithmic branch cut on the 
segment [C-,C+] = [z/w,—w/z]. The logarithmic singularity at = (^_|_ cancels from 
the multiplet 

/i'W=/i'M-i(logr^' + l), (3.58) 

at the expense of introducing logarithmic singularities at and 00. Similarly, = 
+ ^(logr]' + 1) is regular at C- but has a logarithmic singularities at C+, and 00. 
Altogether, /i''^^ and /I't^' along with i]' provide regular Darboux coordinates throughout 
the C plane. They are related to the global C(l) sections /i^ defined above (|3.46| ) by 



x/Cexp (^/x'H - , /i™ = V^exp (^-/.'W - , (3.59) 



whose product is the global 0{2) section (r]' = n f H2 ■ This recovers the standard 
construction of the twistor space of as the spectral curve x{()y{() = z{() The 
relation between the complex Darboux coordinates i]', n' and r], in the patch Uq is 
given by the symplectomorphism generated by 

1 C^fe^^^' 1 1 u 

•^(^'/^') = 2^3^ = 2"^^' V = /i(/i + ^), /i' = -log^^— p-y. (3.60) 

In contrast to ( p.42| ), the Kahler potential is invariant under the SU{2) action, and 
is equal to the hyperkahler potential of M'^. As we discuss further in [Q, the SU{2) 
symmetry is realized by fractional linear transformations of (. Indeed it is easy to check 
that 

{wdz - zdw + 9f ) z/ = , 
{zdz — zdz + wdw — wdjjj + 2(di; — 2n) z/ = , (3.61) 
{wdz - zd^ + C^<9^ - 2nC) u = , 
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where (z^, -n.) = (C^', 1) and (/i',0), respectively. 

Finally, we mention that an equivalent description may be obtained by applying 
the gauge transformation ( |3.11|) to the transition functions (|3.48| ), with 



= Iv'logWO , G^^^ = -lviog(777C) , = GH = ^r/'logC . (3.62) 

This results into a new set of transition functions with 

^[0+] _ Q ^ ^[0-] _ ^[ooo] _ ^/ ^/ ^ (3 

representative of case (i) in Section p.4| . The Lagrangian now reads p| 



C= / ^ [ooo] ^ + _ ^ _ 3. log ^ + v'^' ii!^ ^ (3.64) 

Jc^TTlC 2 

where the contour C encircles the logarithmic branch cut from to 00. While ( p.64| ) 
is invariant under a phase rotation of v, unlike ( p. 521 ) it is not a homogeneous function 
of x,v,v. Rather, it satisfies 

{xdx + vd.u + vdy — 1) £ = —X . (3.65) 

The occurrence of a linear term in x on the r.h.s. of this equation is consistent with 
superconformal invariance, we shall discuss it further in 0]. The twistor line 
following from ( |3.38| ) is now given by 

= ^ - (1 - f ) - ^ ^ + 1) • (3.66) 



In agreement with the general discussion in section |3.4| , yu'' ^ has logarithmic singularities 
at C- and 00. It can be checked that q' in this equation differs from g in ( p.57 ) by 
q' = Q+{l/2i)\og{v/v). 

4. Linear deformations of 0{2) hyperkahler spaces 

In this section, we finally discuss the infinitesimal deformations of 0{2) manifolds 
(i.e. 4(i-dimensional HK manifolds with d commuting tri-holomorphic isometrics) which 
preserve the hyperkahler property but may break all isometrics. Our strategy is to 
perturb the functions S''*-'^ in ( |3.3| ) generating the symplectomorphisms between two 
patches by arbitrary functions of i/^j, /i^', (^W, in a way compatible with the consistency 
constraints ( p^.22| ) and reality conditions ( ^.27| ), and work out the corrections to first 
order in the perturbation. Note that we do not perturb the transition functions fij of 
the 0{1) line bundle on CP^, nor the real structure, which can always be chosen as in 
(|2.26|) by use of a local symplectomorphism. The same strategy could also be applied 
to 0{2n) manifolds with n>2, but in view of practical applications we restrict to the 
case n = 1. 
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4.1 Deforming the symplectomorphisms 

In line with the strategy just outlined, we consider deformations of the generating 
functions ( p.3|) of the following form 

s^^Hm^f^^'lC^"^) = f^^,%^^^f - H^'HmX^"^) - ^gkz/w,/.[^Ut^^) , (4.1) 

where iJ(t*-^l(z/[j], /il-'l, ^I*!) are functions of 2(i + 1 variables subject to the compatibility 
constraints to be discussed presently. These functions generate symplectomorphisms 

-b] = f^-U - ' =l^-fi {d^(H^^^ + d^^Hlfl . (4.2) 

Our task is to determine the linear corrections z>j^], fiy to the unperturbed twistor lines 
z/j^j , /ij^ such that 

4] = ^5] + ^5] , = /i? + f^f , (4.3) 

satisfy ( |4.2| ), to linear order in Here i^^p/i/' are given by = Cfoi'V^ and ( p.38|) , 

respectively. 

As in (|3.7|), it is advantageous to express in terms of the unperturbed C(2) 
global sections r]^ and the local coordinate C, = C^''' around the north pole, and define 

H^Hv^ fl^^ ^ C'fl HHCfofv, • (4.4) 

The symplectomorphisms ( [4.2|) are then rewritten as 

^m = fiJ%-Cf^9^^H{^, (4.5a) 

fif = f^f + d,iH^ + C'fl P(i^d,:d,.jH^^^^ , (4.5b) 

while the consistency ( p.21|) , ( p. 221) and reality conditions ( p.27|) become 

i^S?(^,/i^^U) = -^,f(^,/i'^U) , (4.6) 

together with 

HWiv, = hSKv, /i'^ C) + Hl^Hv^ /ib-l, C) , (4.7) 

and 

HW) = -H^ , (4.8) 

respectively. In these expressions, the arguments fl^^^ on various patches are to be 
related to each other using the unperturbed equations ( |3.30|) . These conditions can be 
further simplified by expressing all /i'-^l in terms of a single real multiplet^ 

PI ^ -i (/ifl + /ifl) = -i [2flf + d,.{H^^'^ + ij[^~l)) . (4.9) 



^Of course, similar multiplets /3/'(C) = — i (^M/' + A*/') can be introduced in each patch; we focus 
on the one relevant for the complex structure J'^ at C = 0. 
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Using (|3.38| ), pi can be written in the following form 

P/(C) = - i E £ ^ - ^^AH^"^ + ^^^°°') , (4-10) 

where the pole aX C,' = C, is as usual inside Cj. Similarly to r/^, the multiplet p/ is 



manifestly real, t{pi) = pi, so the reality conditions ( [4. 81) are automatically obeyed if 
one requires that Hj-l^^ is a real function of i]^ and pj. 



4.2 Deformed twistor lines 

We now proceed to determine the perturbations of the twistor lines, solving (|4.5a|) 
for z>|^j, substituting the result in ([4.5b| ), and finally determine /ij'. The procedure 
follows the same steps as in Section |3]^, and we only quote the result. Before this, note 
however that ( [4 .51) define z>|^j and /ij' only up to the addition of global 0{2) and C(0) 
sections, respectively. Consistently with the reality constraints (p.26|) , we may fix these 
ambiguities by imposing 

^[o]i = ~^lo]i ' ^^[0)0 = ^[o]2 5 A/°o = i^^ifi ■ (4-11) 
In this way, we obtain 



(4.12) 



where 



and, as usual, ( is restricted to he inside the contour Cj. Here and below, we use the 
shorthand notation 



Hj = d^iH , Hjj = d^id^jH , H(^m = d^iH^r^ , H^^^^ = dpjH^i^ . (4.14) 

The second term in ( [4.13| ) corresponds to the variation of the unperturbed /ij^ under 
Hi] ^ H] ~^ Hi]^ while the third term is due to the change of variable from [u^^^, p^f) 

to {ri^,pj). It is easy to verify that t[G'j"''] = ~G^f\ in accordance with the reality 
conditions (|2.26|) . 
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4.3 Perturbed Kahler potential and Penrose transform 

Having obtained the deformed twistor lines, the holomorphic 2-form uj^ and the Kahler 
form uj^ in the complex structure can be obtained as usual by Taylor expanding the 
holomorphic section fi'"' = d^f^ A around C = 0. The constant term gives 



where, here and henceforth, we suppress the patch indices and denote the sum over 
contours Cj as a single contour C. Eq. ( [4 .151) identifies 



= v^ + i 



27ri 



i 1 

Wr = - Qt -\ 



2m C 



{Hi + Gi) 



(4.16) 



as holomorphic Darboux coordinates on M.. Using ( [4. 10|) and ([A.2|) , they can be 
rewritten as 



u 



^ = v^ + id, 



Ql 



27ri 



7^(1) 



) ' 



{yi + i^'/) 



(4.17) 



where we introduced the real quantity 

dC 



yi =dx 



— 1 



27riC 
dC 
27riC 



ttJ 

2 -"(1) 



27ri 



Hij- 



27ri'^w 



dC 
27(1 C 



H. 



ij 



(4.18) 



On the other hand, the 0{C) term in f^t^l leads to the Kahler form 



LU = 1 



2ne 

The Kahler potential K{u, u, w, w) therefore should satisfy 

dC 



{Hi + Gi) 



— i 



dC rrl 

2mC 



(4.19) 



(4.20) 



c2me 

To integrate these equations, it is convenient to introduce the "perturbed La- 
grangian" 

r r\r 

1) , (4.21) 



a function of v^,v^,x^, g^; the derivatives of C will be denoted by C 
dyiC, etc. It is also convenient to introduce a special notation for the coefficients 

dC 



Z/n = Ur, 



C 



z/n = 



27rC 



hL . 



2 (1) 



(4.22) 
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Using (|A.3|) in Appendix ^ one can rewrite the complex coordinates as 



u 



^ -v^ + wi = ^ + C^i + VqC^j^i + OqC^j^i) (4.23) 

and (WM) as 

K^i = C^,i + UqC^j^i + i^oC^jyi , K^j = - {x^ + iCgj) . (4.24) 

These two equations can be integrated into 

K{u, u, w, w) = {jC{v, V, X, g) + O^C^i + OqC^jI — x^yi)^! . (4-25) 

Since = + Uq, one may rewrite this more concisely as 

K{u, M, w, w) = {C{u, u, X, g) — x\wi + wi)),j.i . (4.26) 

Thus, a Kahler potential K for the perturbed HK metric may be obtained by Legendre 
transform from the perturbed Lagrangian C defined in ( [4.21|) , now considered as a 



1 



function of ,u^,x^ and gi = —i{wi — wj). In particular, the variation of the Kahler 
potential is given to first order in the perturbation by 

K^,^{u,u,w,w) = J2i ^Hf^^Hv^pX), (4.27) 



where K(^i){u, u, w, w) = K{u, u, w, w) — K(^q){u, u, w, w), and -ft'(o) is given by the Leg- 
endre transform ( p.34D of the unperturbed Lagrangian, 

K(^o){u, u, w, w) = (£(o)(m^, u^, x^) - x\wi + wi))^i . (4.28) 



while 7]^ and pi in ( [4.27| ) are the unperturbed 0{2) and conjugated multiplet ( [4.10[ ), 



evaluated at {x' ,u'). 

Equation is one of the main results of this paper. In words, it says that 



the variation of the Kahler potential is given by a Penrose-type contour integral of the 
holomorphic section Hfi^lt], p,(), along the fibers of the projection n : Z ^ A4. It is 
consistent with the fact that -ft'(i) should be a zero-eigenmode of the Laplace-Beltrami 
operator on Ai, as required by the linearization of the Monge- Ampere equation. 

As usual, the perturbed metric may be computed without knowing function 
of , , wi, wj explicitly, using a generalization of ( p.35| ). 



^u^u-^ ^u'u-^ '~'u' x^ ^ ^x'^u-' 1 

jy- _ r nx^x-' \ \ { n r nx^x^ n \ 

^U^WJ '~'u'x'^'~' I '■ \^u' Qj '~'U^X^'~' '~'X^QJ j ) 

TV' rx'x^ r ^ \ \ r r rx^ x^ n \ 

^WjU-' '~'x''^U-' ^ \'~'QlU-' '~'()IX^'~' '~'X^U'' j 5 

TV' _ r'x^ x^ -\- r -\- \ ( r r ^ nx^ 



(4.29) 
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In Appendix we check directly that the deformed metric is hyperkahler, and provided 
formulae for the inverse metric. 



5. Examples 

We now illustrate our general formalism on two well-known examples, namely Taub- 
NUT space, which we express as a deformation of flat (preserving one tri-holomorphic 
isometry), and the Atiyah-Hitchin manifold, which we express as a deformation of Taub- 
NUT space (breaking all tri-holomorphic isometries). 

5.1 Twistorial description of Taub-NUT space 



The Taub-Nut manifold is described by the superposition of the two Lagrangians (|3.41|) 
and (|332|) describing fiat [P ||, 



= (r — xln(r + x) + |xln(4OT)) — 2c( — + vv) , (5-1) 

where c is related to the mass parameter as c = — 1/m. The Legendre transform of C 
leads to the Kahler potential 

K = C - x{u + u) = r - c{x^ + 2vv) , (5.2) 

where x is given in terms oi v,v,u + u by the transcendental equation 

u + u = 2cx — arcsinh (^x/ V Avv^ . (5.3) 



The derivatives of K can be computed without solving equation (|5.3|) explicitly. Using 
the relations (|3.35|) for C being f)-independent one finds 



K ^ K ^ K ^ ~ ^'"^ -|- (5 4) 

1 — 2cr ' 2v{l — 2cr) ' ™ r Avvr{l — 2cr) 

Defining spherical coordinates 

X = r cos 9 , V = -re'^'^ sin 9 , v = -r e~^'^ sin 9 , u — u = —iip , (5.5) 
the resulting metric takes the usual form, 

4ds^ = V {dr^ + r^d9^ + sin^ 9d(j)^) + {dtp + cos 9d(f)f , (5.6) 
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where ^ is a harmonic function in 



V 



-2c. 



(5.7) 



For the comparison with the Atiyah-Hitchin manifold in the next section, it is 
useful to note the exact expression for the local section /x, 



/i[oi(() = u- 2cvC + - In 



C/C4 



C/C-J 



/.[-1(C) 



-u 



V 1 , 

2c- + -ln 



,C-C- 



(5.8) 



where u,v are related to the "fiat space" variables w,z via the coordinate transfor- 
mation (|3.54|) and x is a function of w, z, id via Eq. ( ^.3|) . In terms of the spherical 
coordinates r, 9, 0, ip, the twistor lines become 



^(C) 
/^™(C) 

/i[-](C) 



1 

2C' 



-re 



sin 6 + r cos 6 Cr e sin 6 

2^ 

1, ^1, (cos0 + l)C + e^'^sin^ 
- log cot - + - log (,,3g_i)^^,.,3-,g 



+cr (cos 6* - e"''^sin6'C) 



i , 1, e 1, Csin^ + 6^-^(1 -cos e) 

— w H — log cot — I — log 7-- — 

2^ 2 ^ 2 2 ^ (3111^-61-^(1 + cos ^) 



-cr (cos6' + e''^sin6'/C) . 



(5.9) 



One may check explicitly that any function of ?7, jj,^^^ and is a zero eigenmode 
of the Laplace-Beltrami operator A on (5^). In particular, the Penrose- type contour 
integral 



27riC 



(5.10) 



produces a zero eigenmode of the Laplace-Beltrami operator on Taub-NUT space, for 
any choice of function and contour F. In Eq. ( p.55| ) below, we identify the function 
governing the leading exponential deviation of Atiyah-Hitchin space away from its 
Taub-NUT limit. 

5.2 Taub-NUT as a deformation of 

To illustrate our formalism, we exhibit the Taub-Nut space as a deformation of M.^, 
both in the c — (i.e. short distance r) regime and the c ^ oo (long distance) 
regime. These examples are somewhat trivial, since the perturbation does not break 
the tri-holomorphic isometry. 

In the limit c ^ keeping u, v fixed, Eq. ( ^.3|) can be solved to first order in c. 



X 



) + 2c|t;|2(e-2("+") - e'("+")) + 0{c^) 



(5.11) 
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Substituting in (|5.2|) , this leads to 



K =\v\ (e-("+^) + e"+") + c|wp (e-2("+^) + e2("+") - 4) + C(c 
Performing the coordinate transformation ( 3.54|) this becomes 

K = zz + WW + c^^z^z"^ + w'^w'^ — Azzww) + C(c^) . 



(5.12) 



(5.13) 



Note that the first order variation of K is equal to the Lagrangian ( |3.41|) , evaluated 
at the point ( p.56| ). This indeed agrees with ( [4.27|) for a linear perturbation with 
generating function 

^a)(r?,/i,C) = -c77' . (5.14) 

Moreover, it is easy to check that the first order corrections to the sections r] and /i are 
also consistent with ( [4.12| ), 



^(0 = 


wz 


/^[°kc) = 


2 




2 



+ {zz — ww) — wzC, + 2c {{zzf' — {wwY) 



w + zC, 
z — w( 
w + z( 
_z - wC 



2wz — 



{ww — zz){ww — zz + 2wz() 
{z - wC){w + zQ 
2wz {ww — zz){({ww — zz) — 2wz) 



(5.15) 



C 



+ 



{z - wC){w + zC) 



In the opposite regime c — > oo, corresponding to distances r ^ 1/c, it is appropriate 
to redefine u = —2cw,v = z,x = y. Expanding (|573|) at large c with fixed z,w, one 
obtains 



y = —{w + w) arcsinh 

2c 



w + w 
2\z\ 



0{c 



(5.16) 



Substituting into ( |5.2| ) leads to 



K 



-2c 



zz + -{w + wY 



a/(w + wY + Azz — {w + w) arcsinh ( 



w + w 



+ \/ [w + w)'^ + Azz — [w + w)arcsinh | '\[ ) +0{c ^) 

(5.17) 

Up to an overall factor —2c, the first term is equal to the Kahler potential of flat 
space (|3.42| ), while the first order correction reproduces the Lagrangian (|3.52|) . This is 
consistent with (]4.27|) , for a linear perturbation with generating function 



(5.18) 



integrated along the standard "figure-eight" contour. 
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5.3 Atiyah-Hitchin as a deformation of Taub-NUT 

The 0{A) tensor multiplet formulation of the Atiyah-Hitchin (AH) space was given 
in and further analyzed in to which we refer for additional details. In this 



section, we compute the leading exponential correction away from the Taub-NUT limit, 
and cast it into our formalism. 

5.3.1 Atiyah-Hitchin as an C(4) manifold 

As shown in [^, |2^, the AH manifold can be obtained by the generalized Legendre 
transform method from the Lagrangian 

C = 2u £ ^r^(^) - £ , (5.19) 

where Fq encircles C = while F winds once around the branch cut between the roots 
a and — 1//3 of the C(4) tensor multiplet^ 



^ , ^ , , ..2_ p (c-«)(«c+i) ic-pm+i) 



In this subsection we recall how the coefficients of r]^^^ as well as the Kahler potential 
can be expressed in terms of elliptic functions, which will provide a convenient starting 
point for extracting the Taub-NUT limit. 

The section rj^^^ defines a real algebraic elliptic curve, given by a two-sheeted cov- 
ering of the ( plane with branch points as C ^ — l/a, Z^, — By a change of 
coordinates, the curve can be brought into Weierstrass normal form 

Y^ = X^-g2X-g3, (5.21) 

where the invariants g2,g3 are given by 

g2 = yl + y+y- + y^ + ^{y+- y-)iwl + wl) , (5.22) 
93 = -{y+ + y-) y+y- - ^{y+ - y-){y+w^ + y-wl) , (5.23) 



with 



1/ ± 6|Z| W T ^ r.A\ 

y± = , w_ = Re^ , W7_ = Im— . (5.24) 

3 ^yz \ z 



^Note that we change notations x^y^v^w^z^z, x± y±,v± w±, r' r with respect to 
p9| , to conform to the notations of the present paper. The variable v± defined below should not be 
confused with its namesake in 1291 . 



- 33 - 



The tensor coordinates z,w,y,w,z determine four points in the {X, Y) plane, 

±w4y+ - y^)/2) , {y+, ±iw+{y+ - yJ)/2) . (5.25) 

The curve ( |5.21|) may be uniformized by a parameter m G C/ (2co'Z + 2ct;'Z), where u and 
uj' are the half-periods, using the Weierstrass function V{u^Ag2,^gz) ~ + 0{v?), 



X = V{u-A92A9z 



(5.26) 



where the prime denotes a u derivative. The Weierstrass function may in turn be 
represented in terms of Jacobi theta functions, 

2 



^2(0,r)^3(0,r)^4(t;,r) 



(5.27) 



where the u variable on the l.h.s. is related to the variable v on the r.h.s. by v 

nu/ {2u), and 



(5.28) 



n=0 



Note that we use the nome q = e'^^'^ instead of the more commonly used modular 
parameter e^'^'^. The modular parameter is r = u'/u. We note that the half-period 
is set to a constant uj, which sets the scale of the Taub-NUT space, while the half- 
period u', and hence r, are purely imaginary. We abuse notation and write V{v) = 
P(m;4^2,4^3)- 

The invariants 92 and g^, may be expressed in terms of the normalized Eisenstein 
series = 1 + 240q^ + . . . and = 1 - 504g2 + . . . via 



92 



- (-Y . 

3 \2u}J 



Having expressed the uniformizing variable v = txu/{2uj) in terms of X, we define the 
elliptic integral of the third kind |29| 



7r{v) 



(5.30) 



2^i(i;,r) 

where the prime is now a v derivative, and the last equality is an abuse of notation. In 
particular 7r(?/+) is imaginary, while vr(?/_) is real. 

The real 0(4) twistor lines are given by enforcing one condition which expresses the 
X coordinate in (|5.20|) in terms of z, v, z, v. Moreover, complex coordinates U, Z, U, Z 
can be obtained by solving 



U = n{y_) + n{y+) , U = n{y_) - n{y+) . 



(5.31) 
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The coordinates U, Z are related to the coordinates u, z appearing in the Legendre 
transform construction by 

U = u^z , Z = 2v^ • (5.32) 

Here u is conjugate to v, and should not be confused with the argument of the Weier- 
strass function. 

Equation (|5.31|) allows to express y±, and therefore x and \Z\, in terms of U,U 
and T. In particular, we can compute the elliptic modulus r in terms of U, U and 
|Z|, and plug into the expression for x. The variables v±, and therefore v and can 
be computed from the fact that ( |5.25|) lie on the curve. The Kahler potential in the 
complex structure where [/, Z are complex coordinates is given by 

K = Ar^-{y+ + y_)uj , (5.33) 

where r] is the Weierstrass function 

(5.34) 

with E2 = 1 — 24g^ + . . . the almost-modular Eisenstein series of weight 2. 
5.3.2 Strict Taub-NUT limit 

We now extract the limit of the Atiyah-Hitchin manifold as r ^ 0. To study this limit, 
we perform a modular transformation to r' = — 1/t. In the strict limit r = 0, the 
elliptic curve ( |5.20|) factorizes as the square of a rational curve. 



r^(4) = + . (5.35) 



By matching the coefficients of (|5.20|) and ( 5.35 ), one readily obtains 



z = V , w = 2xv , y = X — 2vv , (5.36) 



from which it follows that 



+ 4vv x^ — %vv 
y+ = ^ , y- = ^ , = , w- = 2x . (5.37) 



Moreover, plugging into (|5.22 ), one finds 



92 = \ {x^ + ^vvf , 9z = -^ {x^ + ^vvf . (5.38) 
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These last two equations are consistent with the hmit r of ( ^.29|) computed using 
Ei(T)~(r'f,E,{T)~(T')\ 

provided we identify 

r = a/x^ + Avv = . (5.40) 
2i uj 

Using the fact that E2{t) = E2{t) — 3/(7rr2) is modular invariant of weight 2, one 
obtains the asymptotic behavior of rj in ( p.34| ), 

1 _ f vrr'V 6i 1 2 



"(^' ~ 3 I' ' ~ J ~ -3^ r^ + r + . . . . (5.41) 

Thus, the Kahler potential reduces to 

K = Ar] - {y+ + y_)uj = -2uj [x"^ + 2vv) + 4r + . . . , (5.42) 

in agreement with ( p. 21 ), up to an overall factor of 4, provided we set c = c<;/2. 

It remains to express x, v, v in terms of the complex coordinates U, U, Z, Z. Since 
Z = v"^, the only non-trivial task is to express x in terms of U, U, Z, Z. Expanding 
'P(f ), 7r(t>) on the axis u G uM. + oj' (i.e. f G |r + M) leads to 

■n{yJ) = 7r(f_) = —ux + arctanh(x/r) + . . . (5.43) 

which reproduces the condition (|5.3|) provided one identifies U = u,U = u, 

— — = 7r(y_) = —ux + arcsinh (^x/V4:VV^ + . . . (5.44) 

On the other hand, expanding the Weierstrass function and the elliptic integral vr on 
the axis m G + Mcj' (i.e. f G | + iM) and neglecting exponential corrections, the 
condition V{v+) = y+ is trivially satisfied independently of u+, and f+ and related to 
U -U via. 

= n{y+) = 7r{v+) = -ir' (v+ - . (5.45) 



The fact that the Kahler potential ( |5.42|) depends only on Z, Z,U + U is of course a 
consequence of the triholomorphic isometry recovered in the Taub-NUT limit. Utilizing 
the explicit expressions for the AH metric obtained in p9| , one can also verify that in the 
strict Taub-Nut-limit one exactly recovers ( ^.4|) , provided U = utn, Z = vtn,c = uj/2. 



- 36 - 



5.3.3 Exponential deviations from the Taub-NUT limit 

Let us now incorporate the first exponential correction to the Taub-NUT limit. Our 
aim is to determine the twistor line t]^^\C) ^ function of the complex coordinates 
U, U, Z, Z, to first order in q'. We thus deform the relations ( ^.361) into 

w = 2xv + q'Sw + . . . , y = — 2vv + q'5y + . . . , (5.46) 

keeping the relation z = v"^ undeformed (indeed, Z = 1^ is an exact relation, and we 
work at fixed f/, f7, Z, Z.) Computing y± and w± from (|5.46|) , inserting into (|5.22| ) and 
comparing to ( |5.39| ), we learn that the relation ( |5.40|) is deformed to 

t' = + — \5y(x^ - 2vv) + 3a;A q' + . . . , 5.47 

71 nr-^ 



where A = vSw + v6w. Note that we define r to be equal to ^/a? + 4^r^, and x to be 
the function of U, U, Z, Z given implicitly by (|5.44| ). We also expand the uniformizing 
parameters v± associated to y± as 



-r H 

2 2ujr 



arcsinh (x/\/4vv) + q 5v_ , f+ = iU — U) + . (5.48) 

V / Aujr 



The two conditions V{v^) = y+ and V{yJ) = y- may be used to compute 6y and 6v-, 
respectively, 

8r^cosh(f/ -U)+xA 

6y = '——^ , (5.49) 

Zvv 

6v_ = — \rA + 12xr^ cosh(f/ - U) 

— (xA + 8r^(x^ — 2vv) cosh(t/ — f/)) arcsinh (x/vAv^)) 

Finally, the conditions that vr(f+) and 7r(f _) have no variation (because U, U are fixed) 
allows to compute 6v+ and A: 

3 — 2ujr 

A = -Ar^x cosh([/-f/), (5.51) 

I — cor 

6v^ = -2vrsinh(f/ - U) - f " ^'"'f ^ ^ - U) cosh(t/ - U) . 

Auj r-^vv[l — cur) 

(5.52) 

While these relations are not sufficient to fix 6w and 6w separately, they are sufficient 
to obtain the leading exponential correction to the Kahler potential ( |5.42| ), 

K = -2uj(x'^ + 2vv) + 4r cosh(f/ - U) q' + 0(q''^) . (5.53) 

vv 
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Using the same spherical coordinates as for Taub-NUT space (|5.5|) , this may be rewrit- 
ten as 

K = -lujr\3 + cos 26) + 4r - 16 ^^^^ r e"'"" + 0{q'^) . (5.54) 

The variation of K may be rewritten as in ( |4.27D as the Penrose transform of the 
holomorphic function 

^^{i)(^,/i'°°U)=4r7cos(4/i[~l) , (5.55) 

where r] and are the global sections of unperturbed Taub-NUT space, given in 
( |5.9|) . Indeed, an explicit computation shows that 

^( TT ,a cos(2^) ^ ^_2^^ 



c 



if(i) = -16— ^re-^-^ (5.56) 

where C denotes the figure-eight contour enclosing the two poles = e^^ cot{6/2) and 
C_ = — e"^tan(^/2) clockwise and counterclockwise, respectively. 

The main result of this section ( p.55| ) provides a remarkably simple and elegant 
way to summarize the deviation of the AH manifold away from its Taub-NUT limit at 
leading order. It should be noted that the exponential dependence of on is 
fixed by the requirement that instanton corrections preserve discrete shifts g g + it. 



Instanton corrections to the metric components have been analyzed in [25|. It would 



be interesting to extend this analysis to other HK spaces whose metric is known only 



implicitly, such as the moduli space of monopoles of higher charge [§, or Dancer's 
manifold |1^, p^ . 
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A. Direct verification of the HK property 

In this appendix, we give a direct verification that the complex manifold with Kahler 
potential ( [4.26|) is HK, to first order in the perturbation. 
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We first need some identities for tlie function Gj defined in ([4.13|) . Substituting 
tlie result ([4.12|) for z>j^j and using tlie relations 



r[i°o] 
'/J 



the function ( 4.13|) can be written in one of the two following forms 



(A.i; 



where ( is inside of C^. These representations can be used to obtain 



27riC 



(A.2) 



— 1 



c- 27ri " Jc 2vri /c- 27ri 



(1) 



c 



H 



ij 



dC 



c 



27riC' 



dC 
c2vriC 
dC 



^,1 



27riC 



(1) 



2 (1) 



27riC 



dC 



if" 



c 27ri"''>/c 27riC 



dC 



(A.3) 



IJ 



where the sum over contours and the patch indices are suppressed. These results may 
be used to check the integrability condition for the existence of the Kahler potential, 



(A.4) 



Since the Lagrangian C is an integral of a holomorphic function of only 2d + 1 
variables, it must satisfy some relations. Indeed, it may be checked explicitly that 

^x^x-' ~l~ ^u'u' i i^^x'x^ ^qkX'' ^x'^ qk^x'^x-' ~I~ qk^x^u-' x^ ^ QkU'^^ 

^^x^x^^x^x^ ~l~ x^ ^x^u^^ ^SkQl 1 (-^•^) 

^x^u-' ^u^x-' i i^^u^ x^ ^ qkx^ ^x^ qk^x^u-^ ~I~ ^x^ x'^ ^ qku' qk^x^x-^^ 

i^x^ x^^ ^x^u-^ ^u^x^^x^x^^ ^QkQl ■ (-^•6) 
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which generahze the standard identities for the unperturbed case 



and ( |A.6|) may be rewritten as 



(A.7) 



Equivalent ly, 

+ ip.^i - '^^u^x^dgj^) {d^j + iCj^j^Ldf,^) C = , 

- (d^J + 'i^x-'x^dgj^.) {dui - iCui^Ldg^) C = . 
These properties can be used to compute the inverse metric, 



(A.8) 
(A.9) 



K = -L + Lg^gj - 1 



K 



U Wj 



K 



WjU" 



£X^ X^ p • 



— CuIxkC^ + i 



px^ x^ p p px^ . 

p p px^x^ p 



p _ p px'"x" p 

'~'u^Qj *~'u^ x'^'^ *~' *~'x^gj 



(A.IO) 



RecaUing that = dwi A du^ , it is now straightforward to check that the complex 
structures satisfy the algebra of the quaternions, e.g. 



J+ J- = -- {1 + iJ^) ^ 



(A.ll) 
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